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NEW STATIC MODELS OF THE THERMOSPHERE AND
EXOSPHERE WITH EMPIRICAL TEMPERATURE PROFILES

I.. G. Jacchia

1. INTRODUCTION

Static diffusion models of the upper atmosphere with empirical tempera-
ture profiles were published by the author a few years ago (Jacchia, 1965a).
These models have been widely used and can also be found incorporated in
the U.S. Standard Atmosphere Supplements 1966 (COESA, 1966). Their main
drawback is the assumed constancy of the boundary conditions at 120 km,

shared by other atmospheric models (Nicolet, 1961, 1963; CIRA,1965).

Actually, both temperature and density undergo considerable variations at
120 km, and the neglect of this fact makes the models somewhat less reliable
for heights below 200 km, as was pointed out in the text that accompanied the
tables. The present tables try to remedy that situation as much as possible
by taking constant-boundary conditions at the height of 90 km, which closely
corresponds to that of the mesopause and also of a layer of minimum varia-
tion in the global density distribution (Cole, 1961). All the available obser-
vational material, including the most recent measurements of density and
composition, has been taken into account in the construction of the present

tables.
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2. COMPOSITION

We have assumed that the atmosphere is composed only of nitrogen,
oxygen, argon, helium, and hydrogen, in a condition of mixing up to 105 km,
and in diffusion above this height. We have adopted the sea-level composition
of the U.S. Standard Atmosphere 1962 (COESA, 1962) such as would obtain

after elimination of the minor constituents and of hydrogen (which is intro-
duced in our models at a height of 500 km). There is some evidence that for
helium gravitational separation starts at a lower height than for the other
constituents. To eliminate the inconvenience of a separate homopause for
helium, we have had recourse to the artifice of increasing the sea-level
concentration of helium by an amount such that the atmospheric densities at
heights where helium appears as a major constituent be in agreement with
the observed densities. This results in an erroneous helium density below
105 km ~ a situation we were willing to tolerate in view of the entirely
negligible contribution of helium to the total density at those heights. Thus

the assumed sea-level composition is as follows:

Fraction by volume Molecular weight
q,(1) m,
Nitrogen (Nz) 0.78110 28.0134
Oxygen (OZ) 0.20955 31. 9988
Argon (Ar) 0. 00934 39. 948
Helium (He) 0. 00001289 4. 0026
Sum 1. 00000

The resulting sea-level mean molecular mass is —I\ZO = 28.960.
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We have assumed that any change in the mean molecular mass M in the
mixing region below 105 km is caused only by oxygen dissociation. There-
fore, the amount of atomic oxygen present in the atmosphere is uniquely
determined by M. From 90 to 105 km we have used an empirical M profile
that had to satisfy certain conditions. Starting from a value not too different
from I\_/IO at 90 km, we end at 105 km with a value that would yield a concen-
tration of atomic oxygen such that the ratio n(O)/n(OZ) at 120 ki would be
about 1.5 and have a gradient dM/dz at 105 km roughly equal to that corres-
ponding to the gradient in diffusion immediately above 100 ki (thus minimiz-
ing the effect on the models of a change in the height of the homopause). The
average observed height of the turbopause is closer to 100 thanto 105 km, butwe
have to allow for a difference of a few kilometers between the turbopause and
the effective homopause. We also constructed a model with the homopause at
100 km, which is virtually identical with the present model above 105 km, but
we chose to publish the present model because it leads to a smoother M pro-
file across the homopause. The ratio n(O)/n(OZ) = 1.5 at 120 km was arrived
at after many attempts to construct models with ratios from 0.5 to 4; it seems
to fit best the satellite-drag data, particularly near maximum solar activity.
It is larger than the ratio 1. 0 used in the Jacchia 1965 models and the CIRA
models, but not quite so large as advocated by Von Zahn (1967).

The adopted M profile can be found in the tables. For computer purposes

we have used a sixth-degree polynomial of the form

M(z) = Z c_(z - 100)" (90 < z < 105; z in km) (1)

n=0
to represent it. The coefficients c,are given below:

c = 28.15204

0
c = -0. 085586
c, = +1.2840 X 10'4
cy = -1. 0056 X 10'5
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c4=-l.0210>< 10
C5=+1.5044X 10-6
cg = +9. 9826 X 1078

The number densities of the individual species i in the region from 90 to
105 km are obtained as follows. From the density p the total number of

particles N per unit volume is computed by
N=Ap/m |, (2)

where A is Avogadro's number.

For NZ,AI', and He we have

(3)

=l
2

n(i) = q,(i)
and for O and OZ’ respectively,

n(O) = 2N ( - _M—_-)
MO

n(0,) = { [1 + qO(OZ)] - ll : (4)

= |z|

- 23
For pingcm 3 we have used A = 6. 02257 X 107 7.
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3. COMPUTATION OF DENSITIES AND BOUNDARY CONDITIONS

From 90 to 105 km, for a given temperature profile T(z), the density p

was computed by integrating the barometric equation

dinp = dﬁn(—TM-) -

7

dz |, (5)

where g is the acceleration due to gravity, and k = 8. 31432 joules (°K)"1

-1 .
mol °, the universal gas constant.

At the height z = 90 km we have assumed the following boundary condi-

tions:

-3

pp = 3.46 X lo-ggcm

T

1 183°K

Above 105 km the number density of each individual species n(i) was

computed by integrating the diffusion equation

. m.g
%ilT)z‘le dz’g"frz“*“i) g ©)

where a, is the thermal diffusion coefficient. Following Nicolet, we have

used a = -0, 38 for helium, and a = 0 for the other constituents.

For hydrogen we have followed Kockarts and Nicolet (1962) and fitted

the equation

log, o n(H) = 73.13 - 39.40 log, , T_+ 5.5 (log, T ) (7)

to their concentrations at 500 km. We have assumed hydrogen to be in
diffusion equilibrium above 500 km; no hydrogen densities were computed

below this height. According to equation (7) hydrogen densities decrease
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when the temperature increases, contrary to the behavior of all other atmos-
pheric constituents. This should be correct in the variations with the 11-
year solar cycle. According to Meier (1969), however, the variations of
hydrogen in the 27-day oscillations corresponding to solar rotation are in
phase witl;x those of the other constituents. It would seem, therefore, that
at heights where hydrogen is a major constituent, density variations cannot
be computed in a simple fashion by just changing the exospheric temperature

{(see Section 12).
The acceleration due to gravity was computed from the formula

g = 980. 665 (1 + z/Re)"2 cm sec-2 s (8)

with Re = 6.356766 X lO8 cm. This equation (Harrison, 1951; Minzner and

Ripley, 1956) is an excellent approximation to the actual value of g (centrifugal

force included) for the latitude of 45°32'40".
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4. TEMPERATURE PROFILES

All temperature profiles start from a constant value T, = 183°K at the

0
height z = 90 km, with a gradient GO = (d'I‘/dz)Z=Z = 0, rise to an inflection

0
point at a fixed height z = 125 km, and become asymptotic to a temperature
Too (often referred to as the "exospheric'' temperature). Both the temperature
TX and the temperature gradient Gx = (dT/dz)z_x at the inflection point are

functions of Too; for simplicity we have made Gx a function of TX.

The quantity TX is defined by the equation
TX= a+ bT + c exp (kToo) s (zX=125 km) , (9)

with the constraint that Tx = T0 when Too: TO (i. e., for the hypothetical case
in which the exospheric temperature is the same as the temperature at
90 km, namely 183°, there is no variation of temperature with height). The

numerical values of the coefficients are as follows:

a= 444.3807 ,
b= 0.02385 |,
c=-392.8292
k= -0.0021357

For zZ, <z< z_ the temperature profiles are defined by a fourth-degree

polynomial:

4

T=TX+ch(z- 2 )" . (10)

n=1
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The coefficients c c,, and ¢, are determined by the following

1° S20 ©3 4
conditions:
T = TO
when z = zO G aT o
0 dz =z B ’
0
T - T
G <£> =1.90 X 0
b4 dz -z
s =z 0
when z =z %
) 2
d°T
=0
.<dz2)
z=z_ (11)

These coefficients must be computed separately for every temperature
profile, so their tabulation would be wasteful. The equation for GX is justified
in the following manner. The condition for having no inflections in the tem-

perature profile in the interval z, < z < z is given by

0
z - 2z,
TX—TO

G <2 . (12)

4
= <
3 X

Experiments with gradients within this range have shown that it is quite
feasible to keep the quantity (zX - zO)/(Tx - TO) constant for all temperature

profiles; the best value was found to be 1. 90.

For z > z the temperature profiles are determined by equations of the

type
-1 Gx
T= Tx+ A tan N (z - zX)[l + B(z - zx)n] , (13)
where
A=2(T -T) ; B=45x10forzinkm ; n=2.5
w o0} x
10
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As can be seen, continuity is provided in dT/dz when z crosses z_. The
inverse tangent was selected among several suitable asymptotic functions
for its ready availability in tabulated form and in computer libraries. The
presence of the corrective term [1 + B(z - zX)n] frees the temperature

profiles from strict dependence on the selected type of asymptotic function.

11
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5. VARIATIONS IN THE THERMOSPHERE AND EXOSPHERE

Several types of variation are recognized in the atmospheric regions

covered by the present models. They can be classified as follows:

Variations with the solar cycle;

Variations with the daily change in activity on the solar disk;
The diurnal variation;

Variations with geomagnetic activity;

The semiannual variation;

Seasonal-latitudinal variations of the lower thermosphere;

Seasonal-latitudinal variations of helium;

o ~N O bW N~

Rapid density fluctuations probably connected with gravity waves.

All these variations, with the exception of the last type, are subject to
some amount of regularity and can be predicted with varying degree of
accuracy on the basis of ground-based observations. It is obvious that static
models cannot represent all the different types of variation equally well.
They should be quite adequate when the characteristic time of the variation
is much longer than the time involved in the conduction, convection, and
diffusion processes; when, on the other hand, it is comparable or shorter —
as in the diurnal variation and the geomagnetic effect — we must expect
poorer results. By this we mean that, if we try to represent the observed
density variations, we may have to introduce temperature variations that are
not entirely correct, or vice versa. Since the largest observational mate-
rial, by far, consists of density measurements, it is the density variations
that we have tried to keep correct. We have no direct evidence so far that
the resulting temperature variations might actually be incorrect, although it
would not be surprising if they turned out to be so, to a certain degree.
Temperatures derived from nitrogen profiles at various times of the day
(Spencer, Taeusch, and Carignan, 1966; Taeusch, Niemann, Carignan, Smith,
and Ballance, 1968) actually are in closer agreement with the J65 static

models.

13
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An effort was made in the CIRA 1965 tables to treat the diurnal variation
apart; unfortunately the inadequacy of present-day theory does not justify the
tremendous increase in the size of the tables if one were to cover the diurnal
variation over the entire globe, instead of being restricted to one particular

latitude as in CIRA 1965,

14
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6. VARIATIONS WITH SOLAR ACTIVITY

The ultraviolet solar radiation that heats the earth's upper atmosphere
actually consists of two components, one related to active regions on the
solar disk and the other to the disk itself. The active-region component
comes from areas of higher temperature and consists mainly of the spectral
lines of highly ionized atoms, such as Fe XIV-XVI, Si IX-X, Mg X, etc.;
the radiation from the clear disk comes from much less ionized atoms, such
as He I-II and O IV, and the helium continuum. The active-region component
varies rapidly from one day to the next in correspondence with the appearance
and disappearance of active areas caused by the rotation of the sun and by
spot formation; the disk component presumably varies more slowly in the
course of the 1l-year solar cycle. Since the radiation in the two components
is different, we must expect the atmosphere to react in a different manner to
each of them — and this is actually observed.

The 10. 7-cm solar flux (F ) is generally used as a readily available

index of solar EUV radiation. llg.a_iso consists of a disk component and of an
active-area component, which can be separated by statistical methods by
relating the observed values of the flux integrated over the whole solar disk
to the corresponding sunspot numbers (Hachenberg, 1965) or, better, to
sunspot areas. When the 10. 7-cm flux increases, there is an increase in

. remperature of the thermosphere and exosphere; for a given 1 rease in
the disk component, however, the temperature increases three times as much
as for the same increase in the active-area component. Separate values of
the two components of the solar flux are not readily available; fortunately we
have found (Jacchia and Slowey, unpublished) that the disk component is, for
all practical purposes, linearly related to the flux averaged, or smoothed,
over approximately three solar rotations (Flo. 7). We can, therefore, replace
the relation between temperature and disk component with an equivalent
relation between temperature and flo. 7 In view of the solar-wind effect on
the diurnal variation (see Section 7), it appears quite probable that the varia-

tions of both the solar EUV and the solar wind contribute to this relation.

15
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Since the temperature varies with the hour of the day, with geographic
location, and with geomagnetic activity, we must specify the parameters of
these variations to which the temperature is to be referred. The temperature
TC in the equation that follows is to be the nighttime minimum of the global
exospheric temperature distribution when the planetary geomagnetic index K
is zero. We find that

T_ =383 +3°32F,

+ 1°8(F (for Kp= 0y ; (14)

0.7 10.7’F10.7)

22 vvati:s/m‘2 [cycles/second bandwidth.

FlO. 7 is expressed in units of 10~
According to Roemer (1968) the temperature variations occur with a

time lag of 1. 0 £ 0. 12 days with respect to those of the solar flux.

If we want to compute the average exospheric temperature corresponding
to a given phase of the solar cycle, i.e., to a given value of -flo. 7, We must
drop the last term of equation (14), which corresponds to the day-to-day
variations of solar activity, and add half of the diurnal temperature range and
the difference in temperature between average and quiet geomagnetic con-

ditions. For this purpose, see equation (27) in Section 12.

16
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7. THE DIURNAL VARIATION

Densities derived from satellite drag show a maximum around 2 p. m.
local solar time (L.S.T.), at a latitude roughly equal to that of the subsolar
point; the minimum occurs around 3 a.m. at about the same latitude with oppo-
site sign. Thus, if we consider the atmosphere above a particular locality, the
diurnal variation will undergo a seasonal change; this change, however, can
be incorporated in a global description of the phenomenon by a set of suitable
empirical equations (Jacchia, 1965b). The purpose of these equations is to
represent the density variations by use of static atmospheric models. To
this effect it appears necessary to use the temperature as an auxiliary
parameter, but it must be understood that this '"temperature' has no claim
to accuracy, since consistency between temperature and density variation

cannot be achieved, on a diurnal time scale, through static models.

We shall assume that the maximum daytime exospheric temperatﬁre TM

occurs at a latitude ¢ equal to the sun's declination & and the minimum

temperature Tc at a latitude -6o. The ratio TM/TCE 1 + R changes with the
solar cycle; its variation seems to be in phase with the yearly means of the
geomagnetic planetary index Kp (Jacchia, 1970a) and lags about 400 days
behind those of F1 0. 7° indicating that there must be a solar-wind component
in the heating of the upper atmosphere.

There is also some evidence that the shape of the diurnal density curve
changes with height (Jacchia, 1970b) and with solar activity; present data,
however, are insufficient to establish the rules of this variation with sufficient
assurance, and therefore we have assumed that the parameters that fix the

shape of the curve are constant.

We shall assume that the daytime maximum temperature TD and the

minimurm nighttime temperature T, at a given latitude ¢ can be represented

N
by the equations

17
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T = TC(1+ Rcosmn)

D ,
Ty=T_(1+R sin' 0) (15)
where
n=glé-8g]
0 =l6+ 54

The temperature Tg at any given point can be expressed as a function of
the hour angle H of the sun (the local solar time, counted from upper cul-

mination). Let us write

- nT

TE—TN(1+Acos 2) , (16)
with

_TD_ TN _ cosmn - sin' ' ©

As—F — =R m

N 1+ Rsin 6

and

T=H+ B+ psin(H+ v) (-r<T<m™ |,

where B, y, and p are constants. It should be remembered that Tl’ which

is derived from Tc’ is referred to Kp = 0.

The constant B determines the lag of the temperature maximum with
respect to the sun's culmination, while p introduces in the temperature curve

an asymmetry, whose location is determined by y. Replacing TD and TN

from equation (15), we can write

m cosmn - sin' @ nT
T£=T (I1+ RsinT76) {1+ R ooy cos” > . (17)
¢ 1+ R sin @

18
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Densities derived from satellite drag are best represented by use of the

following parameters:

m = 5 p=-37°
n =3.0 p= +6°
y = +43°

The quantity R varies between 0. 27 and 0. 4; a good average is 0.31. If
yearly running means of Kp (which we shall write as -Kp) are available, R can

be computed from the relation

R=10.134+0.090 K . 1
9 b ¢ (18)

Otherwise, ?1 o 7 can be used to compute R from the formula

R=-0.19+ 0.25 1og10?10 St - 4ood) , (19)

where -FTIO 7(1: - 400d) indicates the value of fl

the date for which R is to be computed.

0.7 at a rate 400 days before

Table 1 gives the ratio T, /'I‘C, multiplied by the factor 1000, as a func-
tion of local solar time (counted from midnight) and of latitude, computed
with the above parameters and with R = 0.31. According to this model the
hours of minimum and maximum of the daily density variation are indepen-

dent of latitude and are 2)."187 and 14].:108 L.S.T., respectively.

A certain degree of smoothing must be expected in the curve of the daily
density variation as determined from satellite drag. Neutral témpe ratures
determined from Thomson scatter (Carru, Petit, and Waldteufel, 1967;
McClure, 1969) show a rapid increase at sunrise, followed by a much slower
increase to a maximum around 16h, 2 hours later than the 14h density
maximum obtained from drag; the amplitude of the variation, a factor of 1.5,
is much larger than that of our model. By smoothing, this temperature

curve can be brought closer to the drag density curve, although smoothing

19
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alone cannot possibly account for the considerable discrepancy between the
two curves. In particular, there is not the slightest indication in the drag
density curves of a rapid increase at sunrise (which is a prominent feature
of electron temperatures). On the other hand, temperatures derived from
nitrogen profiles obtained from six rocket firings from Cape Kennedy on
January 24, 1967 (Taeusch et al., 1968) essentially agree in amplitude and
phase with those of the present model. Also in better agreement with the
model are the temperature ranges obtained from thermosphere probes
(Spencer et al., 1966), from mass-spectrometer data on the Explorer 17
(Reber and Nicolet, 1965) and the Explorer 32 (Newton, 1969), and from
EUYV absorption (Hall, Chagnon, and Hinteregger, 1967).

Equation (17) should lead to reasonably accurate densities up to the
height where hydrogen becomes an important constituent. When hydrogen
can no longer be neglected, its density variations, if known, could be
represented by using for hydrogen alone a fictitious 'temperature" TH
different from the temperature T of the other constituents. A formula of
the type

R

= (1 -c)(1+—)TC+cT

> (20)

Ty g
could do the trick. With ¢ = 0 the formula gives for hydrogen a constant
temperature equal to the arithmetic mean between the daytime maximum
and the nighttime minimum, and there is no diurnal density variation of
hydrogen. With ¢ =1 hydrogen has the same temperature as the other
constituents; i. e., the diurnal density variation of hydrogen is in phase with
the one it displays during the l1-year solar cycle. With ¢ = -1 the diurnal
variation of hydrogen is reversed and is in phase with that of the other
constituents. We can expect c to lie between -1 and +1; on the basis of

Meier's (1969) observations there is a definite possibility that it may be

negative.

20
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8. VARIATIONS WITH GEOMAGNETIC ACTIVITY

For practical reasons we have assumed that in the temperature changes
that accompany variations in geomagnetic activity the shape of the temperature
profiles remains unchanged — i. e., we have related changes in an index of
geomagnetic activity with changes in the exospheric temperature 'I’oo and have
assumed that at all heights the densities are determined by the model tem-
perature profile ending in Too. As in the case of the diurnal variation, this
assumption is found to be somewhat in error because of the short character-
istic time of the variations; moreover, the distribution in height of the energy
dissipation involved in the phenomenon may be different from that of EUV

absorption.

The density variations with geomagnetic activity can be represented with
a fair degree of approximation by adding to the exospheric temperature a
quantity ATg, which is a function of the 3-hourly planetary geomagnetic index

Kp or its equivalent ap. We can write (Jacchia, Slowey, and Verniani, 1967)
AT =28°K_+ 0703 exp (K 21
g p p( p) (21)

or

AT =1°0a_+ 100°[1 - exp (-0.08 a : 22
o . [ xp ( o)l (22)

The average time lag between the variations in the geomagnetic index
and those in the temperature is 6. 7 hours (7.2 hours at low latitudes, less
than 6 hours at high latitudes). This means that to compute ATg by equation
(21) or (22) for a given time t, Kp or ap must be taken for a time t minus
6.7 hours. There is some indication that ATg is somewhat greater, possibly
by 20% or so, at high geomagnetic latitudes. No appreciable difference in
AT has been detected between the night hemisphere and the sunlit hemisphere.
Valgues of ATg from equation (21) are given as a function of Kp and ap in

Table 2.

21
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9. THE SEMIANNUAL VARIATION

As is well known, geomagnetic activity is greater around the equinoxes
than around solstices. This semiannual increase in geomagnetic activity
results, of course, in a corresponding increase of atmospheric disturbances,
which is entirely accounted for by equation (21) or (22). This apparent semi-
annual variation must not be confused with a true, global semiannual varia-
tion, which is evident also after the geomagnetic effect has been eliminated.
This semiannual variation, with maxima in April and October and minima
in January and July, has an amplitude that depends on solar activity and is
roughly proportional to the smoothed 10. 7-cm solar flux flO. 7° Table 3
gives at 10-day intervals the correction ATS to be applied to the exos-
pheric temperature to account approximately for the semiannual varia-

tion. The table is computed for 10 7= 100, so the tabular values must be

multiplied by flO 7/100 to obtain the actual corrections. Table 3 has been
computed by using the formula given by Jacchia, Slowey, and Campbell (1969),

which is reproduced below:

AT = 2°41 + FIO -[0.349 + 0.206 sin (360°T + 226°5)] sin (720°T + 24776)

s
(23)
where
’ - ° o 2- 16
_d 1145 {1+ sin[360°(d/Y) + 3427 3] 1 _

T = 7 + 0. l > -5 M

d = days since January 1

Y = length of tropical year in days

The dates of maxima and minima according to this formula, with their

corresponding values of ATS for FIO - = 100, are as follows.

23
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Secondary minimum (-16°) : January 15
Secondary maximum (+28°): April 3
Primary minimum (-50°) : July 30

Primary maximum (+49°) : October 28

In reality the semiannual variation is not a very regular phenomenon.
Both the shape and the amplitude of the variation show erratic changes from
cycle to cycle; sizable residuals must be expected when using equation (23),
which was obtained by fitting the observed density data from 1958 to 1965
(inclusive). King-Hele and Walker (1968) think there might be a systematic
modulation of the amplitude with a cycle of about 33 months, but this effect

needs confirmation.

Equation (23) seems to give a correct representation of the relative
amplitudes of the density variation at different heights in the interval from
250 to 800 km. Cook (1967, 1969) found that at 1100 km the amplitude is
systematically higher. Our data on the Echo 2 satellite confirm this
result, but show that the excess variation that remains after subtracting
equation (23) differs in shape and phase from the semiannual variation in
the region 200 to 800 km. The maxima and minima show no alternation of
primary and secondary, and occur some 25 days earlier, following the
solstices and equinoxes by only 8 days instead of the average 33 of equation
(23). We suggest that this residual semiannual variation is a result of the
seasonal migration of helium: if a vertical flux accompanies the helium
migration (Kasprzak, 1969), the total mass of helium in any given height

layer may vary in the course of the year.

A semiannual density variation found by Cook (1969) at 90 km, which —
if confirmed — would make equation (23) inapplicable at heights below
200 km, is spurious according to Groves (1969, private communication),
and caused by an insufficient discrimination between the diurnal and seasonal-

latitudinal variations.
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10. SEASONAL-LATITUDINAL VARIATIONS OF THE
LOWER THERMOSPHERE

In the present models we have assumed that temperature and density
are constant at 90 km all over the globe. In reality, seasonal-latitudinal
variations are observed at that height — fairly large in temperature, although
relatively small in density. All the variations we have described so far could
be taken into account with a fair degree of approximation by operating on the
exospheric temperature; such a procedure is obviously impossible for the
seasonal-latitudinal variations, for which it is necessary to operate on the
lower boundary conditions. However reluctantly, the decision to keep the
lower boundary conditions constant had to be taken to prevent the models

from becoming unmanageable in their complexity.

An attempt was made in the U. S. Standard Atmosphere Supplements, 1966
(COESA, 1966) to effect a smooth junction between the densities of lower-

thermosphere models with seasonal variations and the densities of upper-
atmosphere models computed by use of constant boundary conditions at
120 kim. The models were limited to a fixed, intermediate latitude and to
three seasons (summer, winter, and spring/fall); any greater detail would
have entailed a prohibitive proliferation of tables. If we wanted to have
models for every month at 15° intervals in latitude, the number of models

would increase by a factor of 84!

The amplitude of the seasonal-latitudinal density variations increases
very rapidly between 90 and 100 km; the maximum amplitude is apparently
reached between 105 and 120 km; above this height it must decrease because
above 200 km there seem to be no appreciable seasonal-latitudinal variations
other than those involved in the global pattern of the diurnal variation. This
means that the temperature variations, which at 100 km are in phase with the
density variations, must undergo a phase inversion around 110 km and reach
a maximum amplitude, in opposite phase with respect to the densities, some-

where around 150 kmm. While it is relatively easy to represent the density
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variations in analytical, and even in tabular, form, it would be prohibitively
laborious to do the same thing for the temperatures. We thought that the best
that could be done was to give formulas for computing the seasonal-latitudinal

variations in density, ignoring the temperature variations.

The equation we present here is an attempt to fit the seasonal variations
as derived by Champion (1967) and Groves (1969, private communication).
We find that the values of log p given by the models must be corrected by
adding a quantity Alog p given by

360°
Y

Alog p = 0. 02(z - 90) Til— exp [-0. 045(z - 90)] sinz ¢ sin (d + 100) ,
¢

(24)

where ¢ is the geographic latitude, z the height in kilometers, Y the duration of
the tropical year in days (365 or 366), and d the number of days elapsed since
January 1. In Table 4 we have tabulated the maximum amplitude S of the
variation as a function of height, the phase P of the variation, and sin2 b;

AS log p is obtained as a product of these three quantities.
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11. SEASONAL-LATITUDINAL VARIATIONS OF HELIUM

A strong increase of helium concentration above the winter pole has
been revealed by mass-spectrometer measurements (Hartmann et al., 1968;
Kasprzak et al., 1968; Krankowski, Kasprzak, and Nier, 1968; Miiller and
Hartmann, 1969), by observing the intensity of the X 10830 resonance line
of helium (Fedorova, 1967; Shefov, 1968; Tinsley, 1968) and from satellite-
drag data (Jacchia and Slowey, 1968; Keating and Prior, 1968). The
amplitude of the variation and its latitudinal depedence are still under
investigation; the phase seems to be better established, with the maximum
occurring just after the winter solstice. Under this assumption regarding
the phase, we find that a flexible and relatively simple expression for the

number density n(He) of helium is the following:

€ -8, €+6'
_J?e_)- A+(B-A)[< >E > sin’ <4 d)) ( ) sin® 1-—)}

(25)

where nO(He) is the value of n(He) given by the models, & the obliquity of
the ecliptic, 60 the declination of the sun at time t - At, and ¢ the geographic
latitude.

As of now it is difficult to give reliable values for all the parameters;

we can recommend the following set:
A=05 , B=2.3 ; p=2.5 ; r=4 , At= 8 days

The value of At was derived indirectly, from the semiannual variation of
helium at 1100 km (see Section 9), under the assumption that the phenomenon
is caused by the seasonal migration of helium. Some of the numerical param-
eters, especially p and r, are only poorly determined and are likely to be
considerably improved in the near future. In view of these uncertainties it

appears to be premature to give tables of the helium variation.
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As can be easily seen, A and B are, respectively, the maximum and the
minimum value that n(He)/nO(He) can reach. If we assume that the values we
have given for them are correct, we shall have at the winter pole 2.3 times
as much helium as in the tabular models, and at the summer pole 0.5 times

the tabular value — a helium variation by a factor of 4.6.
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12. HYDROGEN

As we mentioned in Section 3, there is some evidence that equation (7)
can be used only to determine the average amount of hydrogen correspond-
ing to a given phase of the solar cycle, but not the variations of hydrogen on
a shorter time scale. To account for Meier's (1969) observations, we have
followed, for our private use, a procedure that we shall briefly outline.
First, we compute the average exospheric temperature Too that corresponds
to a given value of FlO from the formulas

.7

T

383° + 3°32 ‘E“l

C 0.7 °
T =7 1+5)+56° (26)
o) Cc 2

[Tc is computed from equation (14) in which the last term has been dropped;

Too is obtained by adding half of the diurnal temperature range and 56° to

account for the average heating coming from the geomagnetic effect (Kp = 2)].
If we choose to disregard the variations of R and use simply its average
value, for which we can take 0. 31, equation (26) simplifies and becomes

(27)

'I‘oo= 498° + 3°83 F10.7

We compute the hydrogen number density -r_l(H)SOO at 500 km from
equation (7) using Too instead of Too. For heights above 500 kln we compute
n(H) by integrating the hydrostatic equation for a temperature T’ obtained
by taking into account all the short-time-~scale variations in which we believe
hydrogen behaves in the manner described by Meier (i 969). We do not
claim that this procedure is physically justifiable, or even elegant; all we
try to do is to prevent hydrogen in our models from varying in a manner

contrary to observations.
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13. THE TABLES

Tables 1 to 4 are auxiliary tables designed to help in the computation
of the diurnal, geomagnetic, semiannual, and seasonal-latitudinal effects
when no use is made of an electronic-computer program. No auxiliary table
is provided for the evaluation of the seasonal-latitudinal variation of helium,
for which the parameters are still somewhat uncertain and whose effect on

the total density is too complicated to be accounted for in a simple table.

Table 5 gives temperature, composition, density, and pressure scale
height as a function of height for exospheric temperatures ranging from
600 to 2000°K, at 100°K intervals, and for heights from 90 to 2500 km. It
should be understood that no good observational data exist above 1100 km, so
that all tabular data above this height must be considered as unconfirmed

extrapolation.

When only densities are required, Table 6 should be used to greater
advantage. In it, densities only are synoptically assembled for the same
heights as in Table 5, but at 50°K intervals in exospheric temperature for

easier interpolation.
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14. COMPARISON WITH OBSERVATIONS

A comparison of the models with atmospheric densities derived from
satellite-drag data obtained at the Smithsonian Astrophysical Observatory is
shown in Figure 1. Ten-day means of the residuals in loglo p are plotted
for five satellites with effective heights ranging from 270 to 1130 km (the
"effective' height is the weighted mean of the heights above the geoid in the
satellite's orbit, with the drag taken as weight; for satellites in eccentric orbits
it corresponds roughly to the perigee height augmented by half the density scale
height). The scatter in the residuals is due in part to errors in the drag deter-
mination and in part to the failure of the models to represent atmospheric den-
sity correctly. As can be seen, the mean systematic error isverycloseto zero
for all satellites. Slowly varying systematic deviations, probably connected with
imperfections in the relation between the exospheric temperature and the
smoothed component of the 10. 7-cm solar flux (equation (14)) can be detected
here and there, but they never exceed 0. 05 in log p (12% in the density). The
larger, quasi-periodic oscillations in the residuals of Echo 2 and Explorer 19
are the result of our imperfect knowledge of the seasonal migrations of

helium and the associated semiannual helium wvariation.

It should be pointed out that the densities were computed from the observed
drag using a drag coefficient variable with the mean molecular mass of the
atmosphere. The constants in the formula for the drag coefficient (Cook,

1966) were adjusted to give Cp = 2. 2 at heights below 300 km, a value
generally used by researchers. This value would correspond to an accommo-
dation coefficient of 0.95 in the case of diffuse reflection from an oxygen-
coated spherical surface. Although CD = 2.2 at 300 km is well within the

margin of theoretical error, a value C_ = 2.4 is, according to Cook, the

most probable. If we accept the latterlzfalue, all tabular densities should be
decreased by 10%. Such a decrease would bring the densities closer

to the average total densities inferred from mass-spectrometer data (which,
however, show such a wide scatter that the significance of the coincidence

is open to question).
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15. NUMERICAL EXAMPLES

Suppose we want to find the atmospheric density given by the models

above a point with the following geographic coordinates:

longitude = 120° W of Greenwich, latitude = +45°,
on January 20, 1969, at 19%11™ U. T. = 11%0™ L.S.T., for three heights:
z = 140 km, z = 350 km, z = 800 km.

We shall first compute Tc from equation (14). For that purpose we need
the smoothed solar flux —1510 . for that date and the actual flux FlO , on the
day before (to account for the lag of lEiO). Consulting solar records we
10.7 = 155, F10.7 = 136, so TC = 86324. This is the

minimum exospheric temperature anywhere on the globe at the desired

find the following: F
instant, for quiet geomagnetic conditions (Kp =0).

Next we shall use equation (16) or Table 1 to compute the exospheric
temperature Tz. Table 1 is computed for R = 0. 31, but the actual R at the
date was either 0. 33 or 0. 36, according to whether we use equation (18)
with R’p = 2.17 or equation (19) with flo. o (t - 400) = 157. Let us take
R = 0. 345; this value is 11% greater than the value of R used for Table L
The declination of the sun on January 20. 8 was -20°0. For ¢ = +45° and
L.s.T. = llhOm, Table 1 gives TJZ /TC = 1.154. To account for the change
in R,

TI/TC= 1+0.154%X 1.11=1.171

This gives T, = 1011°.
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We now must evaluate the temperature differentials AT and ATS to be

added to Tg

ATg we must first look up the value of Kp at a time 6%17 before the desired

to account for the geomagnetic and the semiannual effects. For

date, i.e., on January 20 at 12b5 U.T. From geomagnetic records we find
for that time Kp = 2+(ap = 9). From equations (21) or (22), or from Table 2,
we obtain ATg = +66°. Table 3 yields 6Ts =-15.4 and AT_ = -15.4 X 1.55 =

-24°, so the final exospheric temperature is T, = 1011° + 66° - 24° = 1053°.

At z = 350 km the seasonal-latitudinal density variations, according to
Table 4, are negligible; and helium is a minor constituent, so the helium
variations can be neglected, too. We therefore enter Table 6 with an
exospheric temperature of 1053° and find, for z = 350 km,
loglo p(g/cm3) = -14.011.

For z = 140 kin Table 6 gives log p = -11.403. To this value, however,
we must add a correction for seasonal-latitudinal variations in the lower
thermosphere. Table 4 gives S = 0.105, P= +0.882, sin2 ¢ = 0.500, from
which we obtain Alog p = SP sin2 ¢ = +0. 046, and the final density
logp=-11.403+ 0. 046 = -11.357.

At z = 800 km helium is an important constituent, so we must take into
account the seasonal-latitudinal variations of helium. To use equation (25)
we must look up the declination of the sun 8 days before January 20.8; for

January 12.8 we find 6 . = -2176. With the suggested values for A, B, p, and

©

we find n(He)/nO(He) = 1.684. This means that the tabular nu: .or density
of helium must be increased by a factor 1.684. From Table 5 we find, by
interpolation, for T = 1051°,

log n(O) = 5.513 n(O) = 3.26 X 105 '

i.e.,
log nO(He) = 5.998 nO(He) = 9.95 X 105

36

© Smithsonian Astrophysical Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1970SAOSR.313.....J

FT970SACSRIZ3I -0 30

All other atmospheric constituents are negligible. Applying the correction

factor 1.684 to nO(He), we obtain n(He) = 1.676 X 10°. Taking into account

the atomic masses of O and He, we find that the relative increase in total

density caused by the increased helium is

n(O) +:l}-n(He)
£ = - = 1.296 1og10—E— =+ 0.113
Po  n) + 7 n(He) Po

From Table 6, for z = 800 km, T, = 1053°, we find log p = -16. 815.
The final density, corrected for helium variation, is therefore

log p = -16.815 + 0.113 = -16. 702.
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Table 2. Temperature increment as a function
of geomagnetic indices.

AT AT
Kp ap (deg.) Kp ap (deg.)
00 0 0 5- 39 134
O+ 2 9 50 48 145
1- 3 19 5+ 56 156
10 4 28 6~ 67 167
1+ 5 37 60 80 180
2- 6 47 6+ 94 194
20 7 56 7- 111 210
2+ 9 66 70 132 229
3- 12 75 7+ 154 251
30 15 85 8- 179 279
3+ 18 94 80 207 313
4 - 22 104 8+ 236 358
40 27 114 9- 300 417
4+ 32 124 90 400 495
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Table 3. Temperature corrections 6Ts for the semiannual variation,
computed from equation (23), for FIO 7 = 100.

Date ATS Date A’I‘S
Jan. 1 -11°%6 July 9 ~4326
11 -15.6 19 -47.9
21 -15. 4 29 -50.1
31 -11.9 Aug. 8 -48.8
Feb. 10 - 6.5 18 -42.9
20 + 0.1 28 -31.9
March 2 + 7.8 Sept. 7 -16.4
12 +16.2 17 + 1.7
22 +23.5 27 +19.7
April 1 +27.5 Oct. 7 +34.9
11 +26. 7 17 +45. 1
21 +21.1 27 +49. 0
May 1 +12.5 Nov. 6 +46.7
11 + 2.7 16 +39.2
21 - 7.1 26 +28.0
31 -1 ) Dec. & +15.1
June 10 -24.1 16 + 2.5
20 -31.3 26 - 7.7

30 -37.8

?1 0.7
The actual correction is ATS = To0 6TS.
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Table 4. Tables for the seasonal-latitudinal density variation Alog p= SP sin2 ¢.
1
:
E a} Table of the maximum amplitude S = 0. 02(z - 90) exp [-0. 045{(z - 90)]
:
: z (km) S z {km) S z (km) S
:
30 0. 000 130 0. 132 200 0. 016
95 0. 080 140 0.105 220 0. 007
100 0.128 150 0. 081 240 0. 004
105 0. 153 160 0. 060 260 0. 00!
110 0.163 170 0. 044 280 0. 001
115 0.162 180 0. 031 300 0. 000
120 0. 156 190 0. 022
b) Tablc of the phasc P = sin 36Y0° (d + IOO)*
Day P Day P Day P Day P
Jan. 1 10. 989 Apr. | F0.129 June 30 F0. 994 Sept. 28 +0. 086
11 0. 948 Il F0.297 July 10 F0.961 Oct. 8 +0. 255
21 +0. 880 21 F0. 456 20 +0.900 18 +0. 417
31 +0. 786 May | F0.602 30 0. 812 20 £0. 567
Feb. 10 10.668 11 %0.730 Aug. 9 F0.699 Nov. 7  x0.699
20 +0. 531 21 F0. 836 19 ¥0.567 17 +0.812
Mar. 2 +0. 378 31 F0.918 29 F0.417 27 +0. 900
12 20.214 June 10  F0.972 Scept. 8  F0.255 Dec. 7 10.961
z2 0. 043 20 F0.998 18 F0. 086 17 +0. 994
Apr. ! F0. 129 30 F0. 994 28 +0. 085 27 +0. 998

“Take the upper sign for the Northern Hemisphere, the lower for the Southern
Hemisphere.

¢} Table of s'mz [

<) sinZ & ¢ sinz ) ¢ sin2 )
0° n. 000 30° 0.250 60° 0. 750
5 0. 008 35 0.329 65 0. 821
10 0. 030 10 0.113 70 0. 883
15 0.067 15 0.500 75 0. 933
20 0.117 50 0.587 80 0. 970
25 0.179 55 0.671 85 0. 992
30 0.250 60 0.750 90 1.000
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