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Abstract An accurate estimation of upper atmospheric densities is crucial for precise orbit determination
(POD), prediction of low Earth orbit satellites, and scientific studies of the Earth's atmosphere. But densities
estimated using satellite tracking data are always uncertain up to the drag-coefficient assumed in the inversion
method. This work develops a new framework to simultaneously estimate the density and drag-coefficient for
satellites with a time-varying attitude. We do so by leveraging Fourier drag-coefficient models, previously
developed by the authors, and physical models of the drag-coefficient. The method is tested with synthetic
data for different geomagnetic activities, altitude levels, and errors in the gas-surface interaction parameters.
We report an improvement of up to 70% in density estimates for the simulations. Finally, POD data from Spire
satellites are used for validation. An improvement of around 29% is obtained in the filter density estimates over
NRLMSISE-00 and 49% over JB2008 compared to the High Accuracy Satellite Drag Model densities.

Plain Language Summary With the rapidly increasing number of Earth-orbiting satellites, accurate
monitoring of the satellite positions has become crucial for collision avoidance purposes. One of the major
sources of error in the tracking of LEO satellites is the force that the tenuous atmosphere exerts on satellites,
known as atmospheric drag. Modeling the drag force is complicated due to the uncertainties in the atmospheric
density and the drag-coefficient—a parameter that governs the interactions between the atmosphere and the
satellite surface. In this work, we propose a method to obtain corrections to both the density and the drag-
coefficient from satellite tracking data, thus improving the tracking accuracy in the process.

1. Introduction

Atmospheric drag is the largest perturbing force for low altitude low Earth orbit (LEO) satellites. Uncertainty in
its parameters, particularly atmospheric density and drag-coefficient, remains the foremost contributor of predic-
tion errors in this orbital regime (Hejduk & Snow, 2018). In the orbit determination process, the density is usually
modeled in the filter using semi-empirical models calibrated with satellite data, while the drag-coefficient is esti-
mated as a constant. But significant discrepancies exist between the current operational semi-empirical density
models (Perez & Bevilacqua, 2015) such as NRLMSISE-00 (Picone et al., 2002), JB2008 (Bowman et al., 2008)
and DTM-2013 (Bruinsma, 2015), due to the differences in calibration data and physics of the models. Any errors
in the atmospheric density will consequently get absorbed in the estimated states and the drag-coefficient, leading
to errors in predicted orbits.

Ideally, one would minimize density errors by utilizing a model that is calibrated in real-time using tracking data
from multiple satellites. An example would be the Air Force High Accuracy Satellite Drag Model (HASDM,;
Storz et al., 2005). Unfortunately, HASDM is not available to users outside the Department of Defense. The
recently released HASDM density data set (Tobiska et al., 2021) can be used to calibrate existing semi-empirical
density models. It can also be used more directly for orbit determination using a predictive framework with a
chosen input parameter space (Licata, Mehta, Tobiska, et al., 2021). This can potentially result in a significant
improvement in tracking and orbit predictions. But, even then, more data need to be ingested in such a framework
for use across different solar cycles and during times of higher geomagnetic activity. This is especially true since
HASDM densities are available at a limited spatial and temporal resolution which might not be sufficient to
capture the high-frequency density variations during geomagnetic storms.

Another alternative to semi-empirical models is to use physics-based density models since they are better at
capturing the thermospheric response to external forcing. But they require calibration with satellite observations
of the thermosphere. Data-assimilation methods for physics-based atmospheric models have been proposed to

RAY ET AL.

1 of 20


http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-1706-7730
https://orcid.org/0000-0003-0558-3842
https://orcid.org/0000-0002-0415-8484
https://doi.org/10.1029/2021SW002972
https://doi.org/10.1029/2021SW002972
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2021SW002972&domain=pdf&date_stamp=2022-03-09

~1
AGU

ADVANCING EARTH
AND SPACE SCIENCE

Space Weather 10.1029/2021SW002972

estimate the global atmospheric density (Matsuo et al., 2012; Sutton, 2018; Sutton et al., 2021). These methods
combine the advantages of physics-based models (accounting for the thermospheric dynamics and providing
density forecasts) with indirect measurements of the actual state of the thermosphere. But physics-based models
don't lend themselves well to operations due to their computational complexity. This can be remedied by using
reduced-order models to represent them with a smaller subset of parameters (Mehta & Linares, 2017, 2018). This
technique has been used to demonstrate the estimation of global atmospheric density by assimilating measure-
ments from accelerometers (Mehta et al., 2018), two-line element data (Gondalech & Linares, 2020), and radar
and GPS measurements (Gondalech & Linares, 2021). All such data-assimilation methods significantly improve
global atmospheric density estimates over existing semi-empirical models. But the obtained densities are uncer-
tain up to the drag-coefficient assumed during the density retrieval process or estimated by the filter. Moreover,
real-time tracking data from multiple sources are required to provide density estimates, which may be a hurdle
for implementation in operational use. A method that can simultaneously estimate the local atmospheric density
along the orbit with the drag-coefficient during orbit determination is desired. Such a method can provide near
real-time corrections to the nominal density model used in the orbit determination of a satellite, unbiased by the
drag-coefficient.

The simultaneous estimation of density and drag-coefficient is complicated due to their highly correlated nature.
In particular, biases in the density and drag-coefficient cannot be simultaneously observed by the filter and will
be estimated as a lumped term. Usually, the drag-coefficient is estimated as a constant scale factor—the so-called
“cannonball drag-coefficient.” The cannonball estimate averages out time-variations in the drag-coefficient due
to attitude and ambient parameters and absorbs time-averaged errors in the density model. Wright and Wood-
burn (2004) proposed a method to simultaneously estimate the drag-coefficient and density by modeling them
as exponentially decaying correlated noise terms. The drag coefficient is assumed to have a much slower vari-
ation than the density, allowing the separation of the two. This method provides a practical way to estimate the
two parameters and has been used to arrive at densities derived using CHAMP and GRACE POD (McLaughlin
et al., 2011, 2012; McLaughlin & Hiatt, 2008, 2009). But the bias terms in the density and drag-coefficient still
cannot be estimated simultaneously, that is, the estimate is accurate only up to a constant bias. Moreover, the
exponential decay model does not account for time variations in the drag-coefficient due to attitude changes. We
previously developed drag-coefficient models using Fourier series expansions that account for time variations
(Ray & Scheeres, 2020a; Ray et al., 2020). They have been shown to improve orbit determination and prediction
for simulated and real data. We propose the use of Fourier drag-coefficient models in the simultaneous estimation
of density and drag-coefficient.

This paper aims to provide a framework to estimate unbiased local atmospheric densities from satellite tracking
data at a sub-orbital cadence. The time variations in the drag-coefficient induced by changes in attitude are
utilized to simultaneously estimate the density and drag-coefficient. We leverage Fourier drag-coefficient models
and known physics of gas-surface interactions (GSI) to estimate the bias contribution from the drag-coefficient.
The higher-order time-variations in the drag-coefficient are estimated using Fourier series representations, while
the density is estimated using the method proposed by Wright and Woodburn (2004). Information about uncertain
GSI parameters is extracted from these Fourier coefficient estimates (Ray et al., 2021). A more accurate bias term
is calculated with a better constraint on the GSI model. Therefore, with high-frequency tracking measurements
such as GPS data, accurate local atmospheric density estimates along the orbit at a sub-orbital cadence are
obtained for satellites with attitude variations. An improvement in the estimated densities and drag-coefficients
with the proposed method is demonstrated using synthetic data across different altitudes and space weather
conditions. Preliminary validation of the method is presented using POD from the Spire constellation. Sections 2
through 3 describe the datasets and methodology, while Sections 4 through 7 present the results and conclusions.

2. Data

The datasets used in this work are described as follows.

2.1. Density Data Sets

The semi-empirical density models used in this work are NRLMSISE-00 (Picone et al., 2002) and JB2008
(Bowman et al., 2008). The space weather inputs to NRLMSISE-00 are the F, index for the solar activity
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level and ap index for the geomagnetic activity level. Both can be obtained from NOAA's website—F,, at
ftp://ftp.ngdc.noaa.gov/STP/space-weather/solar-data/solar-features/solar-radio/noontime-flux/penticton/ and ap
at ftp://ftp.ngdc.noaa.gov/STP/GEOMAGNETIC_DATA/INDICES/KP_AP/. Note that NRLMSISE-00 uses the
observed F,,, values at the actual Sun-Earth distance. JB2008 provides an improvement over previous density
models by utilizing multiple space weather indices. The solar indices to JB2008 are F,,, S,,7, M,,; and Y, -,
and the geomagnetic indices are ap and Dst. The solar indices represent energy deposition in the thermosphere at
different wavelengths. The Disturbance Storm index or Dst gets activated when ap is above 40. All the JB2008
space weather inputs can be obtained from the SET JB2008 website at https://sol.spacenvironment.net/jb2008/
indices.html.

High Accuracy Satellite Drag Model densities are available as a historical data set from 1 January 2000, through
31 December 2019, that can be requested from the SET website at spacewx.com/hasdm/. The data covers two
complete solar cycles with a 3-hr time resolution, at 10° X 15° latitude/longitude bins and 25 km steps between
175 and 825 km. High Accuracy Satellite Drag Model uses JB2008 as its baseline model and provides 3-hourly
density corrections using 13 spherical harmonic coefficients for temperature profile parameters. These correc-
tions are obtained using Space Surveillance Network data for more than 75 calibration objects with stable ballis-
tic coefficients such as spherical satellites. The typical uncertainties during mean activity levels dropped from
15% for NRLMSISE-00 to around 8% for JB2008 and less than 5% for HASDM at 400 km altitude (Thayer
et al.,, 2021). Due to these semi-empirical models' limited spatial and temporal resolution, the uncertainties
can vary significantly depending on the scales and space weather activity. For example, the uncertainty around
NRLMSISE-00 densities for short-term and long-scale variations is 100%. Similarly, JB2008 densities can have
an uncertainty of 100% at 400-500 km for some activities and locations (ISO/FDIS 14222, 2013).

During storm conditions, using accelerometer-retrieved densities from satellites such as CHAMP and GRACE
is more appropriate due to their high spatial and temporal resolution. CHAMP or the Challenging Minisatellite
Payload (mission life: 2000-2010) was launched into a circular orbit with an initial altitude of 454 km. GRACE
or the Gravity Recovery and Climate Experiment (mission life: 2002-2017) consisted of a pair of satellites
separated by 220 km, launched into an initial orbit of 483 X 508 km. Both the missions carried highly precise
accelerometers for gravity field extraction. The precise measurement of accelerations acting on the satellites has
led to extensive work on atmospheric density retrieval from the onboard accelerometers and orbit tracking data.
The densities derived by Mehta et al. (2017) for CHAMP and GRACE A satellites using their Response Surface
Models (RSM) for the drag-coefficient are used in this work. The 2003 Halloween storm is chosen as the time
epoch for simulations. The perigee and apogee altitudes for CHAMP on the chosen epoch of 29 October 2003,
are 385 and 398 km, respectively. For GRACE A, the altitudes are 461 and 498 km.

2.2. Spire POD Data Set

We test the proposed method on POD from Spire satellites. Spire Global operates a constellation of over 100
CubeSats in the LEO regime with altitudes between 400 and 650 km and various inclinations. The PODs were
obtained (and made available to us) by processing GNSS pseudorange and carrier phase measurements using the
RTOrb software in a Kalman filtering framework. The software considers non-spherical gravity up to degree and
order 120, third-body perturbations from Sun and Moon, atmospheric drag with MSISe-90 as the density model,
and solar radiation pressure (SRP) with a cylindrical shadow model. Cannonball drag and SRP coefficients are
estimated within each arc. The PODs obtained by RTOrb have a precision of several centimeters in position
and sub-mm/s in velocity and are mostly available with a cadence of 1 s in data-arcs of 40—60 min. The attitude
information of the satellites is in the form of quaternions between the body and the orbit frame. The quaternions
are not uniformly available and can vary between a sample time of 10—1000 s. For our application, the quatern-
ions are needed as frequently as possible since the Spire satellites make frequent attitude maneuvers between an
observing mode with the GNSS antennas aligned along-track and a power mode where the solar flux on the solar
panels is maximized. Therefore, only a small subset of the data can be used. The POD and attitude data from 7
November 2018, for satellite ID 83 is used in this work. The perigee and apogee altitudes for the satellite at the
epoch are 474 and 501 km. The quaternions are interpolated to 1 s intervals using Spherical Linear IntERPolation
(SLERP; Shoemake, 1985). As shown in Figure 1, the velocity vector varies significantly and frequently in the
x-y plane of the body frame. The variation out of the x-y plane is negligible.

RAY ET AL.

3 0f 20


ftp://ftp.ngdc.noaa.gov/STP/space-weather/solar-data/solar-features/solar-radio/noontime-flux/penticton/
ftp://ftp.ngdc.noaa.gov/STP/GEOMAGNETIC_DATA/INDICES/KP_AP/
https://sol.spacenvironment.net/jb2008/indices.html
https://sol.spacenvironment.net/jb2008/indices.html
http://spacewx.com/hasdm/

A7t |

Fa\C 1% Space Weather 10.1029/2021SW002972
ADVANCING EARTH
AND SPACE SCIENCE
200 Angle of velocity vector in body-frame B“:TP"I?‘“M 3. Methodology
T T T T . ata
!J 4 r | This section describes the different aspects of the proposed method to simul-
150 | 8 . . L . . .
taneously estimate the density and the drag-coefficient for satellites with atti-
100 | . tude variations.
50 8
3.1. Body-Fixed Fourier (BFF) Drag-Coefficient Model
S oF ]
The drag-coefficient is a function of atmospheric parameters such as molec-
-50 1 1 ular composition, temperature, and satellite-specific parameters such as
100 attitude. Assuming the drag-coefficient constant in the orbit determination
’ process, as is commonly done, introduces errors in the estimated value. But
150 | , physics-based models known as gas-surface interaction models (GSIMs) that
can better model the time variations have been limited in operational use due
200 5 1 15 20 e to the lack of knowledge of input parameters that feed into these models.
Time (hours) Additionally, the drag-coefficient value can vary significantly between

Figure 1. Angle of velocity vector with body-x axis.

different GSIMs, especially at higher altitudes where the uncertainties in
the GSIM parameters are larger (Bernstein et al., 2020). The Fourier series
expansion models provide a way around by estimating time-variations in the
drag-coefficient from tracking data. This section provides a brief overview
of the Body-fixed Fourier (BFF) model that captures the drag-coefficient
variations due to changes in attitude.

If the velocity vector rotates around a single axis in the body frame of the satellite, then the drag-coefficient can
be expanded as a Fourier series around the angle of rotation (0) as

S

Cy= Z (A, cosnf + B,sinnf) . (1)
n=0
where the coefficients are given by,
B 1 2r
A, =— / C, cosnfd@, 2)
7 Jo
_ 1 2
B, = —/ C, sinnfd?o, 3)
T Jo
for n > 0 and,
_ 1 2
Ao = — / Cydo, )
2z J,

and By = 0 forn = 0.

If the satellite's attitude is known, the Fourier coefficients can be estimated in the filter using tracking data (Ray
& Scheeres, 2020a; Ray et al., 2020). Initial estimates of the Fourier coefficients can be calculated by integrating
a chosen GSIM in the body-frame using Equations 2—4. The integrals can be carried out numerically, but an
analytical solution provides an understanding of the dependence of the different Fourier coefficients on specific
GSIM parameters. This is quite useful when inverting GSIM parameters from estimated Fourier coefficients.
It is possible to derive closed-form expressions for the BFF coefficients of a flat plate for the modified Diffuse
Reflection Incomplete Accommodation (DRIA) model proposed by Walker et al. (2014), hereon referred to as the
modified DRIA model. Ray et al. (2021) derive the analytical expressions used in this work to invert uncertain
GSIM parameters from estimated Fourier coefficients.
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3.2. Modeling Density Using a Gauss-Markov Process

The dynamical model used in the estimation method can have structural errors and errors in governing parame-
ters. Static parameters can be estimated within the filtering framework, but structural errors are more difficult to
compensate for. This can lead to filter divergence, where the estimation error exceeds the covariance bounds. One
can remedy this by estimating the time-varying unmodeled errors as a Gauss-Markov process (GMP). A GMP is a
correlated Gaussian noise such that the probability density function at the current time depends only on the proba-
bility density at the previous time instant. The unmodeled dynamics can potentially be extracted by estimating the
GMP states in the filter. This is the primary motivation behind modeling the density error as a GMP in the filter.

A zeroth-order Gauss Markov process (GMPO) is equivalent to the addition of white noise. The following first-or-
der differential equation gives the first-order Gauss Markov process (GMP1),

x(t) = —Ax(t) + u(1), 5)

where E[u(?)] = 0 and E[u()u(t + 7)] = Q6(r). The GMP state, x(7), is augmented with the state vector and esti-
mated in the filter. The time constant or correlation time (1/4) is a tuning parameter and needs to be calibrated.
The first-order GMP is more accurate in compensating for errors in force models during orbit determination than
simply adding white noise (Constantine & Dow, 1975). If the density error is modeled as a GMP1, it would be
represented by x(7) in Equation 3.

For dynamics errors with periodic components, a second-order GMP2 can prove to be more beneficial. For
example, the advantage of using a GMP2 over GMP1 has been demonstrated for gravity error compensation
(Leonard et al., 2013; Nievinski et al., 2011). Using GMP2 to model the atmospheric density was suggested by
Nievinski et al. (2011) due to the oscillatory nature of the parameter. Gauss-Markov process can be represented
in the state-space form as

fC] 0 1 X1 0
= + w(t), (6)
X2 —-w: 2w, X2 c

where E(w) = 0 and E[w(t)w(t + 7)] = gé(z). The natural frequency of the process (@,), the damping factor ({),
and the strength of the white noise (¢, with g = 1) are tuning parameters that need to be calibrated. The calibration
process can be performed by fitting the covariance of sample data for the modeled state to the autocovariance
function of the GMP2. For example, in the case of density estimation, the sample data can be obtained from satel-
lite missions GRACE and CHAMP or datasets such as the SET HASDM database. The fitting process doesn't
always converge on the correct tuning parameters. Trial and error are usually required since significant differ-
ences between density models can be observed depending on ambient conditions. An adaptive GMP to correct
for the tuning parameters using tracking data can potentially provide a better solution (Stacey & D’Amico, 2021)
and will be considered in future work.

In the filter, x, and x, are both estimated and the correction to the modeled density is given by x,. In addition to
modeling the density correction using a GMP2, a GMPO correction to the density with noise standard deviation
¢, is also estimated. The details of the filter and smoother implementation are discussed in Appendices A and B.

3.3. Simultaneous Estimation of Density and Drag-Coefficient

The drag-coefficient is usually estimated as part of the state vector during orbit determination since it is not
accurately known apriori, and its value can change in orbit. If the drag-coefficient were constant, it would not
be simultaneously observable with the density bias—the filter cannot distinguish between two constant terms in
a product form. Any correction to one term can be easily compensated for by the other term. Therefore, with an
inaccurate constant drag-coefficient in the filter, the density can be estimated only up to a bias using the meth-
ods in the previous section. But for a satellite with attitude variations, the drag-coefficient will be time-varying,
as discussed in Section 3.1. Using the BFF model outlined in that section, the time-varying components of the
drag-coefficient can be estimated simultaneously with the density. The bias term (zeroth-order Fourier coef-
ficient, Ay) is not observable; however, the higher-order Fourier coefficients can be estimated simultaneously
with the density corrections due to the attached time-varying attitude terms. The bias in the drag-coefficient is
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Figure 2. Summary of the algorithm.

primarily absorbed by the estimated density bias correction modeled by the GMPO. The estimated Fourier coef-
ficients will also be affected to a lesser extent since they govern higher-order frequencies in the drag-coefficient
variation that the zeroth-order term cannot capture. To calculate the drag-coefficient bias term, the functional
relationship between the GSIM parameters and the Fourier coefficients represented by the integrals in Equa-
tions 2 and 3 can be utilized. A few GSIM parameters with the largest uncertainties can be inverted from the
estimated Fourier coefficients (Ray et al., 2021). Then these inverted GSIM parameters can be used to calculate
the zeroth-order term using Equation 4. The filter is re-initialized with the new value of the zeroth-order term,
with estimates and covariances of the states from the previous iteration. A more accurate drag-coefficient bias
term in the filter dynamics leads to a reduction in the density bias. The inversion process using linearized least
squares is discussed in Appendix C. The algorithm (Figure 2) can be summarized as follows-

1. Initial values of the Fourier coefficients are obtained using the filter density model and the initial GSIM
parameter values.

2. The Kalman filter-smoother is initialized using these Fourier coefficients. The zeroth-order Fourier coef-
ficient or the bias term is kept constant in the filter. In contrast, the higher-order Fourier coefficients are
estimated simultaneously with the satellite position and velocity, density GMP states, and other parameters.

3. A least squares method, outlined in the Appendix, is used to invert chosen GSIM parameters with the highest
uncertainties from the estimated Fourier coefficients. The inverted values of the GSIM parameters are used to
re-calculate the zeroth-order Fourier coefficient using Equation 4.

4. The Kalman filter-smoother is reinitialized with the new drag-coefficient bias term. All the other states are
reinitialized with the estimated values and covariances from the first iteration, with the covariances slightly
inflated. An improved estimate of the drag-coefficient bias leads to a more accurate density estimation.

4. Validation Using Simulated Data

This section uses controlled simulation scenarios to validate the proposed algorithm before applying it to real
data. The method's performance is tested on different altitude regimes, space weather conditions, and filter model
errors to understand its limitations. The true trajectories for all the cases are generated with a 10 X 10 geopotential
(EGM-2008), a cannonball SRP model, and atmospheric drag with time-varying drag-coefficient modeled using
the modified DRIA model unless otherwise stated. The modified DRIA model is given by (Walker et al., 2014)

Cur = fCauas + (1 = [)Cas, @)

where C, ,, is the drag-coefficient for the surface covered by an adsorbate, assumed to exhibit diffuse reemis-
sion with complete accommodation (@ = 1). C,; is the drag-coefficient based on molecular beam experiments
on clean surfaces, computed using Goodman's formula for energy accommodation coefficient (Goodman &
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Table 1
Summary of Simulated Cases
Case 1 2 3 4
Epoch 23 March 2007 - 29 October 2003 =
Daily F10.7 72.5 - 279.1 -
Daily Ap 10 - 204 -
Perigee/Apogee altitude (km) 360/370 510/520 385/398 461/498
True density HASDM - RSM CHAMP RSM GRACE A
Nominal filter density NRLMSIS00 - HASDM -
True C, GSIM parameters f=0.7 =05 f=0.65,T, =450 K, JB2008 for M and T f=0.5,JB2008
Filter C, GSIM parameters f=0.98 f=0.98 f=0.98, T, =300 K, NRLMSISE-00 for M and T f=0.98, JB2008
Inverted GSIM parameters f - Tots f

Note. The dashes indicate that the parameters are the same as the previous column.

Wachman, 1966). The fraction of the surface covered by an adsorbate (f) is modeled using a Langmuir isotherm
by Walker et al. (2014). It, therefore, is assumed to vary with the partial pressure of atomic oxygen in orbit. In
this work, the fractional coverage is assumed to be steady-state since the orbits considered are nearly circular.

The densities from the SET HASDM database are used for the true density during nominally low to moderate
geomagnetic activity periods. To implement the densities in orbit determination, a gridded linear interpolation of
the logarithm of the densities is performed over latitude, longitude, altitude, and time. The satellite is modeled on
Spire (Sutton et al., 2021) using a box-wing shape. The attitude profile is such that it tracks the Sun in light and
assumes the minimal drag configuration in eclipse.

The performance of semi-empirical density models degrades during geomagnetic storms (Bruinsma et al., 2021).
With the limited temporal resolution of the HASDM data set, it cannot accurately capture the time variations
in density over short time scales. Therefore, to simulate the density variations during a geomagnetic storm,
CHAMP and GRACE-derived densities described in Section 2 are used. To be consistent with the densities,
orbital elements of CHAMP and GRACE for the given time-epoch are used to simulate the true trajectories. The
simulated cases are summarized in Table 1. The symbols in the table stand for—r,, is the velocity ratio for the
surface covered by atomic oxygen, which is a function of the energy accommodation coefficient a and the satel-
lite wall temperature 7, M is the mean molar mass of the ambient gases and T is the ambient temperature. Note

w?

that the perigee/apogee altitudes are specified with respect to a mean Earth radius of 6,378.1 km.

The estimated drag-coefficients and densities for the different cases are plotted in Figure 3. For all the cases, the
tuning parameters used are—w, = 0.001 1, { = 0.5, ¢, = 107® and ¢, = 1075. The natural frequency is taken as
the orbit angular frequency, while the rest are chosen arbitrarily. There's a significant discrepancy between the
true and nominal filter densities. NRLMSISE-00 consistently overpredicts the densities compared to HASDM
during times of low geomagnetic activity, while HASDM densities are larger than the CHAMP densities during
the period of the 2003 Halloween storms. After the second iteration, the estimated drag-coefficients and densities
track the truth quite well for the first two cases. The density and drag-coefficient biases are reduced in the second
iteration, as a better constraint on the fractional coverage parameter is obtained from the Fourier coefficient
estimates.

The third case simulates a scenario where it is not apparent which GSIM parameters are the most uncertain and
should be inverted. We invert the velocity ratio even though the errors are in the fractional coverage and wall
temperature. Though the estimated densities track the truth (CHAMP) better than the nominal filter density
(HASDM), the bias due to the drag-coefficient is not greatly reduced, as can be seen from the estimated drag-co-
efficient plot. The estimated densities are also not able to track the high-frequency variations visible in the truth.
This is primarily because the tuning parameters are not well calibrated to model the higher-frequency variations
during the geomagnetic storm. If the damping ratio is reduced and noise standard deviations increased (§ = 0.09,
¢, = 1074, ¢, = 1072), the estimated densities are able to track the temporal variations better. But in this case, the
Fourier coefficients diverge from the truth, which subsequently increases the bias in the estimated densities. This
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Figure 3. Drag coefficients and densities for (a), (b): Case 1, (c), (d): Case 2 and (e), (f): Case 3.

happens because the Fourier coefficient uncertainties are smaller than the noise introduced in the filter; therefore,
the corrections are larger than the initial uncertainties. As seen in Figure 4a, it is better not to estimate the Fourier
coefficients in this case. The estimated densities still contain the bias due to the drag-coefficient; it is more diffi-
cult to estimate the bias due to the larger noise in the filter.

There's a possible solution around the problem—modify the tuning parameters between the first and the second
iterations. If low noise levels are used in the first iteration, more accurate estimates of the Fourier coefficients
can be obtained though the densities do not track the time variations well. After a better constraint on the bias is
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Figure 4. (a) Comparison of case 3 estimated densities for three scenarios: (1) Fourier coefficients not estimated in the filter and higher noise levels for the GMP, (2)
Original method with higher noise levels for the GMP, and (3) Modified method with different noise levels between the two iterations; (b) Densities along GRACE A

orbit (case 4) with the modified method.

obtained from the Fourier coefficient estimates, larger noise levels are introduced in the second iteration and the
Fourier coefficients are no longer estimated. The estimated densities with this modified method accurately track
the truth, as seen in Figure 4 for cases 3 and 4. It can be concluded from this example that the tuning parameters,
especially the noise levels, should be selected based on the space weather activity. The mean and RMS values
of the drag coefficient and density error percentages, (truth — estimate)/truth, are given in Table 2. In all the
simulated cases, the errors in drag-coefficient and density improve compared to initial estimates after the second
iteration of the algorithm. The improvement in the density estimates with the modified algorithm for cases 3 and
4 is significant.

5. Application to Spire POD
5.1. Force Model

A high-fidelity force model is required to propagate the Spire satellite orbits to isolate the orbit determination
residuals solely due to errors in atmospheric drag. The forces considered in the dynamics model are given in
Table 3. The initial state from the POD for a given day is propagated with the different forces to analyze the

JT/ZIZ]: 5nd RMS Values of Estimated Drag-Coefficient and Density Errors (%)
1 2 3 3 (Modified) 4
Case Mean RMS Mean RMS Mean RMS Mean RMS Mean RMS
Drag Coefficient error Initial 52 53 10.1 104 6.8 7 - - 8.6 8.8
Iteration1  11.6 139 9.3 94 132 156 - - 149 169
Iteration 2 2.0 2.4 0.7 1.2 6.4 6.8 3.6 3.7 2.1 2.5
Density error Initial 31 389 522 63 324 46 - - 414 625
Iteration 1 13 174 244 567 22 32.7 - - 279 429

Iteration 2 85 127 193 513 169 253 7.4 10.3 11.8 185

Note. The dashes indicate that the values are the same as the previous column.
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Table 3

Forces Considered in Propagation

Force Parameters

Non-spherical gravity EGM-2008

80 x 80
Third-body forces from Sun and Moon DE-430 Ephemerides
Atmospheric drag Density model - NRLMSISE-00, JB2008, SET HASDM
densities Drag-coefficient- Cannonball, Panel (DRIA)

Solid Earth and Ocean tides IERS 2010 Models (Petit & Luzum, 2010)

Solar radiation pressure (SRP) Cannonball, Panel

Relativistic correction Post-Newtonian correction (Montenbruck & Gill, 2000)

relative contribution of each force to the orbital states. The POD is assumed to be the “truth” to compare the
propagated orbit with.

The norm of the propagated position errors (w.r.t the POD) is plotted in the upper tile of Figure 5a for the major
perturbing forces with different density models for drag in the propagator. A cannonball drag coefficient is used
by averaging the predicted output from the DRIA model with input parameter values of f = 1 and @ = 0.93,
(Sutton et al., 2021) which results in a value of 0.23. The only other forces considered are non-spherical gravity
(80 x 80) and third-body forces. High Accuracy Satellite Drag Model performs a little better than JB2008 and
both are significantly better than NRLMSISE-00, as expected. In the lower tile of Figure Sa, the higher-fidelity
forces are added one by one to the force model with HASDM as the density model. The addition of solid Earth
tides and ocean tides leads to around 30 m improvement in the position at the end of the day, and SRP improves
it further by 25-30 m. Both the forces are non-negligible when trying to isolate orbit errors due to variations in
the drag-coefficient. Adding the relativistic corrections leads to a small improvement of around 2 m and chang-
ing the gravity field to order 120 improves the error by less than a metre which is barely discernible as shown in
Figure 5b.

In Figure 5, the drag-coefficient is considered to be constant in the force model. But as seen in Figure 1, the
relative velocity vector varies significantly in the body frame of the satellite. The propagation error with the
drag-coefficient modeled using the modified DRIA model with different values of f and o are compared in
Figure 6. From Figure 6a, it would seem that drag-coefficient with f = 0 and @ = 0.93 would provide the most
accurate drag-coefficient as the propagation errors are the smallest with these parameters. But the propagation
errors depend on the product of the density and drag-coefficient. It's possible that this particular drag-coefficient

Position error w.r.t POD RMS propagation errors
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Figure 5. Propagation errors w.r.t precise orbit determination: (a) Position errors with different forces added to the force
model, (b) RMS of propagation errors with the addition of each high-fidelity force to the dynamics.
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Figure 6. Propagation errors w.r.t precise orbit determination with all forces and different drag-coefficient models with: (a) HASDM as the density model, (b)
NRLMSISE-00 as the density model.

model is able to compensate for the lack of spatiotemporal resolution of HASDM densities. This may result in
better propagation errors even though the drag-coefficient itself is less accurate. This can be seen from Figure 6b
where the propagation error trends are quite different with NRLMSISE-00 as the density model and the same
drag-coefficient values. The density and drag-coefficient values from the different models are plotted in Figure 7.
Note that the drag-coefficients are calculated with NRLMSISE-00 as the density model for the input ambient
parameters to the modified DRIA model.

In the propagation, the SRP force model is assumed to be known accurately. The panel SRP force model is given
by

Density models
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Figure 7. (a) Density values from different models, (b) Drag-coefficient values from different models.
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Initial and Final Estimates From the Batch Estimator for the Two SRP

Measurement residuals
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Figure 8. Measurement residuals from batch processing of precise orbit determination with two different solar radiation
pressure models.
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where P_ = 4.56 pPa is the SRP at 1 AU distance, r, is the satellite to Sun position vector, f; is the shadow factor
(Montenbruck & Gill, 2000), A, are the areas of the satellite surfaces with 7 as the unit vectors in the satellite
body frame, 6, are the angles that the sun vector makes with the surface unit vectors, §, and p, are the diffuse
and specular reflectivities of the surfaces respectively and C, is the SRP coefficient or the scaling factor in the
panel model. The available satellite properties are assumed to be accurate in the force model with C, = 1. But
it is instructive to compare the orbit determination residuals for a cannonball model and the given panel model
with C, being estimated in both cases to analyze if the given panel model is indeed closer to the truth. Therefore,
the POD are processed in a batch filter with all the high-fidelity force models included in the dynamics and run
for the two SRP models. The initial position and velocity, cannonball drag-coefficient, and SRP coefficient are
estimated, with HASDM as the density model.

The position and velocity measurement residuals, plotted in Figure 8, are
smaller for the panel model. This can be further verified from Table 4
where the correction to the initial state (which is taken to be the initial POD
state) is smaller for the panel model. It is encouraging to note that the esti-

Final mated drag-coefficient value is pretty much the same for either model, that

is, the SRP errors don't alias into the estimated drag-coefficient (Ray &

y Cannonball - Panel g cheeres, 2020b). The panel model with C, = 0.41 is considered in the force
Initial SRP SRP o .
model for the density inversion method.

Norm of position error w.r.t POD (m)
Norm of velocity error w.r.t POD (m/s)
SRP coefficient

Drag-coefficient

0 4522 3.766 L . N .
0 5863 5 063 The initial estimates of the Fourier coefficients are calculated using the

analytical expressions for the modified DRIA model (Ray et al., 2021). The
! 0.95 el standard deviations are calculated by considering the extremities of the range
0.23 0.262 0.259  of variation of the GSIM input parameters. The fraction of surface covered
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Figure 9. (a) Averaging error in the drag-coefficient, (b) Density model-dependent error in the drag-coefficient.

by atomic oxygen (f) is assumed to vary from O to 1 and the accommodation coefficient of the covered surface
is varied from O to 1. The initial estimates of the body-fixed coefficients are calculated by averaging the GSIM
in orbit. The initial values also depend on the density model used to provide the GSIM parameter inputs, such as
the mean molecular mass. The Fourier coefficients are calculated using both NRLMSISE-00 and JB2008 for the
input parameters to compare the dependence of the drag-coefficient on the density model. The effective initial
drag-coefficient is calculated from the Fourier coefficients using Equation 1. The relative error introduced in the
drag-coefficient due to averaging of the Fourier series expansion ((C,; — C,)/C,, where C,; is the modified
DRIA model and C,; is the orbit-averaged BFF drag-coefficient) is plotted in Figure 9a for extremal values
of the GSIM parameters with NRLMSISE-00 as the density model. The relative error of the drag-coefficients
calculated using JB2008 as the density model w.r.t the drag-coefficients calculated using NRLMSISE-00 as the
density model is plotted in Figure 9b. Both the averaging and density model-dependent errors are within 2%
when the accommodation coefficient is constant. But suppose the fractional coverage parameter is assumed to be
zero and the accommodation coefficient is modeled using Goodman's formula, and therefore dependent on the
density model. In that case, the relative errors are larger since now an additional parameter in the GSIM is tied
to the density model.

The iterated EKF-smoother is run with the POD as measurements and NRLMSISE-00 as the density model.
The state vector consists of the position, velocity, SRP coefficient, the density GMP2 states and the Fourier
drag-coefficients. Only the first and second-order Fourier coefficients are estimated, while the rest of the coef-
ficients till order 30 are kept constant in the filter. The tuning parameters for the GMP2 are found by fitting the
autocovariance function to the error between NRLMSISE-00 and HASDM and then modified further by trial and
error. After one iteration of the algorith